Modal Logic and Proof Theory (2025-26) February 11, 2026

Alexander Miiller (s5193400)

1. (a)

Solution:

1. Axiom 1: o — (8 — «)

a =«
————(w=)
_awb=a
a= 08—« (=)

=a— (= a)

2. Axiom 2: (o = (a = 7)) = (@ = 7)

¥ =7 o=«
a= o a—y,a =7

a— (a—=y),0,aa=7v
a—(a—=7y),a=7y
a—=(a=7y)=>a—=7y
= (a— (a—7) = (a—=7)

3. Axiom 3: (a — (B — 7)) = (B — (o —= 7))

B=p V= (

a=a 6,6%7257(
o, B,a—= (=) =7
Bia— (B—=7)=a—y
a—(8—=7)=8—(a—>7)

—=)
—=)
(=—)
(=—)

Py S e Mgl
4. Axiom4: 0 — «
0=
(w =)
0=
S0oa &)
5. Axiom 5: (a« = 3) = ((y = a) = (v = B))
o=« 8=p
v =y a— [B,a=f (5=)
(—=)
a—B,y—>a,v=0
(=—)
a—=>p,y—>a=v—0
(=—)
a—=B=Fw—a) —(y—=P) (=)

= (= p) = ((y=2a) = (y=h))
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6. Axiom 6: (« — ) = ((B—7) = ((aVB) = 7))

=B =9
a;}—?%a;}yv (==) By =y )
a—7,B—=>7a=>y (w=) a—=7,8—=>78=" (15:>
a-y,f=yaVBE=y (=—) V=)
a—=yB—=y=(aVp) =y
= o @Va o )
= (=)= ((B—=7) = ((aVp) =)
7. Axiom 7: a — (o V 3)
=
aiagﬁ (= V1)
=a— (aVp) (=)
8. Axiom 8: 5 — (o V f3)
m@’v?)
=G5 (avy
9. Axiom 9: (v — a) = ((y = B) = (v = (a A B)))
v =y a= Y= p=p
Toar=a () 1Py =8 H(fi)

vy = a,y—B,7=« 'y—>a,’y—>ﬂ,’y:>ﬂ(:>/\)
Y= a,y—=>B,y=>aAf

Y= a,y = == (aAp)

Toa=(y=8) =2 (= (@np)

=@ —=a)=((v=28) = (y—= (aAB)))

(==)
(=—)
(=-)

10. Axiom 10: (e A ) — «

11. Axiom 11: (e« A 3) — 8
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12. Axiom 12: ——a — «
o=«
= e e ((:> ;;)
= -
:;:ga —)O[a (:>_>)

The axioms are listed below for your convenience.

l.a— (8 — «)

2. (a=(a—=7) = (a—7)

3. (a=(B—=7) =B = (a—=7)

4. 0=«

S (a=pB)=((v—=a)=(v—=5)

6. (@ —=7) = ((B—=7) = (aVvB)—=7))
7. a— (aVp)

8. B — (aVp)

9. (y =) = (v = B) = (v = (@A B)))
10. (¢ APB) = «

1. (anp)—p

12. -—a — «

(b)

Solution:
If A is provable in LKY, it is provable in LK trivially: Any proof =, K9 Ais also a proof in LK°.
If A is provable in LK, then it can be proven with the validities of the HK axioms. Because in a)

we have shown those to all be provable in LKY, any proof of A in LK is provable in LKS. This
also relies on the Modus Ponens rule in HK, but those can be simulated in LK using the cut rule.

Thus, A is provable in LKV iff A is provable in LKY.

(©

Solution:

Show that the sequent =—(« V —v), « V —a« — =3 = ———[3 is provable.
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o= o B=B
—a, a = <F:>:>)) W(ﬁ =)
_a=a = X R ,7(:>—\)
a=aV -« (= V1) —a = aV o ?:\/3) _B=8 (- =)
aV-a=aV o -6, B = (==)

aV-oa = f,aV-oa,-—f = (= )

aV-oa— 2,70 = -(aV )
——(aV-a),aV-a— —=f, -8 =
——(aV-a),aV-a— == -

(==)
(=)

(d)

Solution:

I first show that =———y = —y and = ——(a V —«) are provable.

Left Derivation:

=7
7= =)
=== (&)
Right Derivation:
o= o
a=> oV o (:(>_|\/i2)

-(aV-a),a =

—(aV-a) =
—(aV-a) = aV o

—(aV -a),~(aV-a) =

—(aV-a) =

= —\ﬁ(a V —\a)

= )
(:> \/2)
(==)
(c=)
(=)

Now I show that the provability of the premise (I', « V ~a = —f3) implies provability of the con-
clusion (I" = —f).

IaVv-a= -0
r,—3,aV-a=
=0 = =(aV-a)
—=(aV-a), 5= (= )
= = (aV-a) I —=(aV-a)= -0 o cut
IS 7 B = p
I'= g

(==)
(=)

(==)

e-cut
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We know that I', o« V ~a« = —f is provable (because of the assumption for admissibility). We
have shown in the right derivation that = ——(« V —«) is provable and by setting v = 3 we see
from the left derivation that -———3 = —f is provable. From those premises we get to the provable
conclusion I' = —. Thus, the rule

NaVv-a= -4
I'= -6

is admissible in LJ°.

2. (a)

Solution:
We can have the function f : N x (N'\ {0,1,2}) — {P|P is a proof in LK}.

The proof will then look like the following. The idea is to define a formula A with grade &, which
can be something like p; A --- A pg, but it doesn’t matter much for this proof tree. Then, on the
antecedent of the conclusion, we add m = n — 3 propositional variables q1, . . ., ¢,,. After doing the
e-cut with the cut formula being the formula A with grade k, we weaken m times on the left branch.
Thus, we have a prooftree with grade k£ and height n.

A=A
qlv"'vqﬂ’L7A:>A

Q17"'7Q’m7A:>A

(w =) m times Ao A

(e-cut)

(b)

Solution: With the new order L, the textbook argument does not work. This is because the cut-
elimination proof given in the book relies on a double induction on the grade and the height of the
derivation, where the ordering is lexicographical. That is, we prioritize reducing the grade first, and
the height second.

The reduction step for logical cuts runs into difficulties with this new order. Take case 4 given in the
book where both of the upper sequents are lower sequents of rules for logical connectives, each of
whose principal formula is the cut formula. In the example given, the proof must end as follows.

I'=p =~ B,A =
I'= B Ay BAYV,A =g
F,Aﬁ/\»y:>g0

In the book, when A contains at least one 5 A +, the proof is replaced by the following:
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=g I'=~y

T = BAy BA= ¢
(e-cut)
F:B ﬁ?FaA,B/\’Y:SO
(e-cut)
Fa Fa A,B/W/ =
some (¢ =)
F, AIB/\'Y = 2

The proof in the book relies on that the lower e-cut has a lower grade, and thus the argument works.
However, with the new order C we prioritize the height n. For the lower e-cut rule, the height n
actually increases. Thus, this would not work and the argument of the book does not hold anymore
with this new order.

(c)

Solution:
Y= p=p
Boa=q ) ERET I
— (N2 =) — o (= V)
a7y, =17 =B 1,8=pFVa
(=—) (—==)
aNy=[ =y Bﬁ%@ﬂéBVa&wulm
aNy,B,= BV '
I show the cut elimination steps.
Step 1: Case 4 applied
Y= B=B
@W$70“% vﬁ:ﬂ(w%
(A2 =) (= V1)
aNy,B =7y %B:ﬁVaeﬁmm7)
ahy,B,0= BV ’
Step 2: Case 3 applied
=5
Y= %ﬂﬁﬂ(wj)
(w =) (= V1)
8= v.6=pBVa
1.8 BVa e-out {0,6)
any.B.B=Bva 27
Step 3: Case 3 applied
Y= f=8
%B?v(w:) %B?ﬁiij&m
7, B,8=p ’
88— Bva = VY
e (A2 =)

aNy,B,B=PVa
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Step 4: Case 2 applied

B=p
V. 8=5 (=) Y=
. 8=5
v, 6,8 =75
v, B,8=BVa
ahNvy,B,0= BV«

e-cut (0,4)
(w =)
(:> \/1)

(A2 =)

Step 5: Case 1 applied

p=p

V. 8=
v:B,8=8
:8,8=BVa
aAvy,B,8=8Va

3. (a)

Solution: The number of formulas in the language of propositional classical logic with n propo-
sitional variables when n > 1 is infinite. This can be seen easily already when n = 1 with a
propositional variable p, where we can write as formulas p, —p, =—p, =——p, . ...

(b)

Solution: I will show that ~ is reflexive, symmetric, and transitive, and thus consequently an equiv-
alence relation.

First, for reflexivity, we must have that for any formula « in £ we have o ~ «. By definition of the
relation ~, as h(a) = h(«) for every assignment h, we have that & ~ «. Thus, we have reflexivity.

Second, for symmetry, we must have that for all formulas «, 5 in £, whenever a ~ [, we also
have 5 ~ «. If we have o ~ f3, we thus have h(a) = h(() for every assignment h. Because
h(a) = h(pB) can be rewritten as h(3) = h(«) for every assignment h (because of = being an
equivalence relation), we thus have h(/3) = h(«) for every assignment h, and by definition of the
relation ~ on £, we have 3 ~ «a. Thus, we have symmetry.

Third, we must show transitivity, meaning that for all formulas «, 3, in £, we have that if o ~
and 3 ~ 7, then it follows that o ~ . By definition of the relation ~ on £, we have h(a) = h(f)
for every assignment h, and h(S) = h(~) for every assignment h. Thus, we have h(a) = h(7) for
every assignment h. Thus, by definition of the relation ~ on £, we have o ~ ~.

I have shown that the relation ~ on L is a reflexive, symmetric, and transitive binary relation. This
means it is an equivalence relation.
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(c)

Solution: I will show the proof tree of (v = a) A (av — 7).

v =« a =y
=vSa SasS7q
= (= a)A(a—7)

(=—) (=—)

N)

From the proof tree it is clear this proof tree is only provable in LK when « and ~y are equivalent.
By invoking the soundness and completeness theorems mentioned in Theorem 1.11 of the book, we
know that this must mean that o and  have to be semantically equivalent (i.e., & ~ «). This is
exactly how the equivalence class of a formula « is defined. Thus, it holds that [o] = {7y|(y —
a) A (a =)}

(d)

Solution: In LK, for a boolean formula with n variables, there are 2™ different assignments of n
variables (we are interested in the n variables because the interpolant must, as an upper bound,
contain all of them). As each set of assignments of n variables can be mapped to {0, 1}, we have
that there are 22" distinct functions that represent this. Thus, the number M,, € N of the upper
bound for the number of interpolants of & — {3 as a function of n up to logical equivalence is 22" .

4. (a)

Solution:
lL.a— (8— a)

The translation expands to:

T(a— (8 — a))

O(T () = T(8 — a))
O(T(e) = O(T(8) = T(ax)))
0(0a — O(08 — Oa))

The proof is as follows:

o= )

Ua = «

o = Oa (S(ZIJ) =)
Oa, 08 = Qo
Da:Dﬂ%&yﬁai
Oa = 008 — Do)

S Ta S O0B 5 0a) Y
= O(0a = 008 — Oa)) 22




Individual solutions by Alexander Miiller (s5193400) Page 9 of 17

2(a=pf)=((v=a)=> (= P)
The translation expands to:

T((a—=pB) = (v —=a)=(y—=0)=0T(a— ) =Ty —=a) = (y—5))
=0T () = T(B)) = (T (y = ) = T(y = f)))
=0T () = T(B)) = O(E(T(v) = T(e) = (T (y) = T(B))))
= 0(0(0a — 0p8) —» 000y — Oa) — 00Oy — 08)))
The proof tree:
=8
o=« (T) = (T)
Y= Oa = « p=8
W<<T) ) Toste Y =05 Eii>
Oy = Oy Oa — OB, Oa = 0B (—=)
Oa — 08,0y — Oa, Oy = OB (=—)
Oo — 08,0y - Da= Oy —- 0Op (T)
O0a — 06),0(0y —» Oa) = Oy - 0Op <4
OO0« — 06),0(0y — Do) = OOy — 0OB) (54)
OO« — 08) = 00y — Oa) — OO0y — 0B) (;;_4))
00« — 0p) = 000y — Oa) - OOy — OpB)) (54)
= O(0O« — 08) — O(O(0y — Oa) — O(0Oy — 04)) (j;)
= 000 — 08) - 00 - 0a) = 005 = D))
J.a— (aVp)
Translation:
T(a = (avp)) =0(T(2) = T(aVp))
= (T (a) = (T() VT(B))
= O(da — (Qa v OR))
The prooftree:
a=a
_Ha=a ¢y
o = Oa
Oo = goz v g (:(:\/;—)))
= Oa — (Oa v 0OpB) (84)
= (0o — (Oa v OpR))
4. (aNp) =B

Translation:

T((anpB) = B) =0(T(aAB) = T(B))
O((T() AT(B)) = T(8))
O(OaAOp) — 0O8)

The prooftree:
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B =5
D=0 ((TS)4)
0p = 0p
TorniB=08
= (CaA08) — OB (:(5—13
= 0(0aA0p) — 0OB5)

(b)

Solution:

To show that if (o« — /) and T'(«x) are provable in GS4, then T'(/3) is provable in GS4, I will
inspect the prooftree. For T'(a« — ) = O(T(«) — T(8)) = O(Oa — Op) the latter part of the
proof can be written as:

a= 0
Oa — S
Oos0p Y
S a5
= O(0a — 0B)

From tutorial exercise 1.3, we know that if « = (3, then = a — 3. Thus, we have that o — [ is
provable.

If T () = Oa is provable in GS4, we can similarly look inside the prooftree and inspect what the
rule(s) should be:

=
= Ua (54)
Thus, we have also = « and therefore « is provable. With normal modus ponens, because we have
that « — [ and « are both provable, we have that 3 is provable. We can extend the prooftree of the
provable [ as follows:

=B
= g (54)

We see that (13 is provable, which is precisely 7'(3). Thus, we see that from 7T'(« — /) and T'(«)
being provable in GS4, we get that T'(3) is provable in GS4. Thus, Modus Ponens is preserved
under translation.

(©)

Solution:
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(c) Let a be a formula provable in LJ. By the standard equivalence between the sequent calculus LJ
and the Hilbert system HJ (as shown in section 1.4 of the book), there exists a proof of « in HJ. We
proceed by induction on the length of this derivation in HJ.

Let the derivation be a sequence of formulas ¢1, . . . , ¢, where ¢,, = a. We claim that for all £k < n,
the sequent = T'(¢y,) is provable in GS4.

* Base Case: Suppose ¢y, is an axiom of HJ. As stated in the problem description for part (a),
the translation 7'(¢)) of every axiom v of HJ is provable in GS4. Thus, = T'(¢y) is provable.

* Inductive Step: Suppose ¢;, is obtained by Modus Ponens from premises ¢; and ¢; — ¢y
(withi < k). By the induction hypothesis, = T'(¢;) and = T'(¢; — ¢, are provable in GS4.
In part (b), we established that Modus Ponens is preserved under the translation 7'. Therefore,
= T(¢y) is provable in GS4.

Since « appears in the derivation, = T'(«) is provable in GS4.

5. (a)

Solution:

To prove that F.:= {(I', «)|I' = « is provable in LN} is a consequence relation, we show that i,
satisfies the three outlined properties:

Reflexivity: If o € I, then when we are proving I' = «, from that initial sequent o = o we
can repeatedly apply left-weakening until we end up with I' = a. @ = « is an initial sequent
and is thus provable. Thus, we have that I' = « when a € T'. Therefore, we have I I, a.

Monotonicity: If I' -, v and I' C A, that means we have ' = « provable in LN. From
I' = q, if we try to prove A = «, we can simply apply left-weakening on I" until A = T°
(this is possible as ' C A). As A = «, we have that A = «. Thus, we have that A . a.

Cut: If I' . aand ' U {a} F. 5, we have that " = o and I', &« = (3. We can apply the cut
rule on these:

I'=«a a,l'=p
=4
=g

We see that I' = (3 is provable. Thus, we have that I" . £3.

(cut)
(c=)

We have shown that .:= {(T', «)|T" = « is provable in LN} is a consequence relation because it
satisfies reflexivity, monotonicity, and cut.

(b)
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Solution:

We show that if I' = A 0,4 is provable in LN, then ', A = 1 - ((1 -» o) - §) is provable in
LN.

I'=A,0,0

-1 Ili= A,0,0 (Té]_ji)
F7A:>1(w:>) (1-»o0)»4I'=A

(=)

F'=A1-»((1»o0)»9)

= 1 is an initial sequent, and I' = A, 0, J is provable in LN. Thus, we can conclude that I', A =
1-» ((1 - o) - 0) is provable in LN.

(©)

Solution:

We show that if ', 0 = A and I', § = A are provable in LN, then ', 1 -+ ((1 » o) - 0) = A'is
provable in LN.

1:>1
T1= (lzj)) Lo=d
[1=1,A T 10— A (i%) r,6= A (0 =)
T,1=1»0A To,1=A "
(=)
Ll=({1-»o0)»d4A
(=)

Ll»(1»o)=»d=A

= 1 is an initial sequent, and I';o = A and I',§ = A are both provable in LN. Thus, we can
conclude thatI', 1 - ((1 - o) - §) = A is provable in LN.

(d)

Solution:

Suppose that a sequent I' = A is provable in LN. We show there exists a formula ¢ such that for
all partitions ((I'y : A1), (T2 : Ag)) of ' = A,

e[’y = Ajoand I'y,0 = As are provable in LN, and
e Var(o) C Var(I'y, Aq) N Var(I'y, Ag).
We will argue by induction following the presentation of Maehara’s method in the textbook.

We can copy most of the base case from the book.
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Suppose first that I' = A is the initial sequent ¢ = ¢.We need to consider the following four cases
depending on to which I'; and A; (¢, j € {1,2}) the formula ¢ belongs. Thus it is necessary to find
a formula ¢ satisfying the second condition of interpolants on variables in each of the following:

both ¢ = ¢, 0 and ¢ = are provable,

both ¢ = ¢ and 0 = ¢ are provable,

both = ¢, o and o, ¢ = are provable,

both = ¢ and o, ¢ = ¢ are provable.

We can conservatively extend LN to LNy as done in Maehara’s method and thus have as an initial
sequent 0 =.

For each of the cases wee see that it is enough to take 0, ¢, ~, and 1 for o, respectively.

When I' = A is the initial sequent 0 =, as an interpolant we can take 0 for the partition (({0} :
0), (0,0)), and 1 for the partition (({ : @), ({0} : 0)), respectively.

Suppose next that I' = A is not an initial sequent. Let J be the last rule applied. We need to show
that I' = A has an interpolant with respect to any of its partition, by assuming that upper sequents
of J have interpolants with respect to any of their partition (inductive hypothesis).

Let’s first go through the case where J is (-»=>):

Na=3,A
Na»pg=A

(=)

We (luckily) only have to show it for the case where the principal formula is in the first component
of the partition. From now on this won’t be mentioned anymore.

Take the partition ((I',a - B : Aq), (I'y : Ag)).
By the hypothesis of induction, with respect to a partition ((I'1, v : 3, A1), (T2 : Ag)) of T, v =

B, A there exists an interpolant ¢ such that

e bothI';,a = B,A1,0 and 0,y = Ay are provable,

e Var(o) C Var(l“l, a, A1, B)N Var(I‘g, AQ).

Clearly, we have that o, I'o = A is provable.
We also have that 'y, « -+ 8 = Ay, o through:

Fl,Oé:>B,A1,0'
I',a» 8= A0

(=)

And, we have the condition that Var(c) C Var(T'y, « - 8, A1) N Var(T'g, Ag).
Thus, we have an interpolant o for the sequent I" = A if the last rule J was (-»=>).

Secondly, let’s go through the case where J is (=—):
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= A« 6,I'= A
F'=Aa-»p

(=)

Take the partition ((I'y : Ay, a - (), (T2 : Ag)).

By the hypothesis of induction, with respect to a partition ((I'1 : Ay, a), (I's : Ag)) of I' = A, «
there exists an interpolant o such that

e bothI'y = Ay, «,0 and 0,1’y = A, are provable,
° Var(a) - Var(l“l, Aq, Ct) N Var(FQ, Ag).

Furthermore, with respect to the partition ((3,I'1 : Ay), (I's, Ag)) of 8,I' = A there exists an
interpolant ¢ such that

e both 3, I'y = Aq,0and 6,y = Ao,
e Var(d) C Var(8,I'1, A1) N Var(I'y, Ag)
We have that T'y = Ay, a - (3,0 V § is provable through:
F1=>A1,04,J ,3,F1=>A1,5

I'n=A,a,0Ve 68,I'y = A,0Ve
I'=A,a» 8,0V

(= V1) (=V2)

(=)

We have that I'y = A is provable through:

U7F2 = Ag 5,F2 :>A2
oV oIy = Ay

(V=)

And, we have the condition that Var(o V §) C Var(T'1, A1, - ) N Var(T'a, Ag).

Thus, we have shown that o V¢ is an interpolant for the sequent I' = A if the last rule J was (=-).
Since V is not a connective that can be used, we can also rewrite this as (1 - ((1 -» «) = ) as
intuitively shown in c.

We only have the three structural rules remaining: exchange, contraction, and weakening. These
hold trivially.

(e)

Solution:

k. has deductive Craig interpolation if {a} F. 8 implies that there exists a formula o such that
{a} Fc 0,{c} Fc B, and Var(c) C Var(a) N var(f). From a we have seen .:= {(I',a)" =
« is provable in LN is a consequence relation. In d, we have shown that for a sequent I' = A that
is provable in LN, there exists a formula o such that for all partitions ((I'y : Ap), (I's : Ag)) of
I'= A,
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e[y = Ajoand I'y,0 = Ay are provable in LN, and
e Var(o) C Var(I'y, Aq) N Var(T'y, Ag).

Take I' = o and A = (. Then, we see that what we have shown in d satisfies the deductive Craig
interpolation together with what we have shown in a.

6. (a)

Solution:
(=) proof:

= a A —f is provable in FL.. Because FL. has cut-elimination and the following rules are invert-
ible, we know the proof must look like the following:

8=
=« = —f
= aA-f

(=)
(=A)

This is the case because from = « A =3 the last rule that was applied must have been the (= A)
rule. From that, we know that from = —/ the only rule that could have been applied must have
been the (= —) rule. Thus, from knowing that = « A —=f3 is provable, and knowing the above two
rules are the only ones that can be applied at those steps, we know that = « and 8 = must both be
provable.

To show that from the above, it follows that = —(a — [3) is provable in FL., I will similarly show
the only possible valid proof:

=« 8=
a— =
= (0~ p)

Here, from = —(a — ) the only possible rule one can apply is (= —). From a — [ the only rule
one can apply is (—=).

As we end up with = « and 5 =-, we know those are provable (because of the prooftree of =
a A —f3), and thus = —(a — f) is provable. Thus, if = « A = is provable, = —(a — () is
provable.

(<) proof:

= —(a — f) is provable. From the previous proof we know that this means = « and 8 = are both
provable. We can see from the proof tree of the previous proof that the premises from = a A =3
are = « and § =-. Thus, the premises are provable and = a A —f is also provable. Thus, if
= —(a — f) is provable, = « A —f3 is provable.

As a consequence, for all formulas o and 3, we have that = « A = is provable in FL. iff =
—(a — p) is provable in FL.

(b)
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Solution:

I will show the prooftree of =—(y V —y) in FL... As FL,. can only use a subset of the rules of L],
if I show a proof in FL.. it follows that it is also provable in LJ.

&(
Y=V -y

~(yV ),y =

~(YV) =y
~(YVm) =V

(Y V), (y V) =

“(yV—y) =

= (v V)

(=)

©)

Solution:

I will show that p VV —p is not provable in LJ. Then, by consequence of FL.. using a subset of the
rules, it will follow that p V —p is also not provable in FL... There are only two possible first rules
that can be applied: (= V1) and (= V2). Here are the two prooftrees:

=P
=pvp TV
= P
=pvp VI
It can be seen that for the first prooftree there are no more possible rules that can be applied, and
= p is not an initial sequent, thus using this rule = p V —p is not provable.

For the second prooftree, the only possible rule we can now apply is (= —):
p =

=
=pV-p

(=)
(= Vv2)

In LJ, we know that p = is not provable when p is a propositional variable.

IT is clear that p V —p is not provable in LJ. Thus, p V —p is not provable in FL.. and L.J where p
is a propositional variable.

For a formula A = ——(vy V —y) we see that A VV —A is provable in both FL.. and LJ:

= (Y V)
= (Y VoY) Vooa(y V)

(= V1)

Where = —— (7 V —y) is provable in FL.. and LJ for all formulas - (see 6b).
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(d)

Solution:
We canset « = p V —p and 5 = 0. Then,

Then we have (pV —p) A—=0 = (pV —p) A1 = pV —p. From ¢ we know that p \V —p is not provable
in FL.. and LJ where p is a propositional variable.

We also have =((p V —p) — 0) = =—(p V —p). From b we know that this is provable in FL...

Thus, there exists formulas a and 3 (namely, p V —p and 0, respectively) such that = (o A =f) is
not provable in FL.. but where = —(«v — [3) is provable in FL...




