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Abstract

This paper investigates how the diversity of
training data influences uncertainty and re-
construction blur in Variational Autoencoders
(VAEs). Using controlled subsets of MNIST
and FashionMNIST, we vary the number of
classes and samples per class to create datasets
with different diversity levels, measured by the
Structural Similarity Index (SSIM). We then
train identical VAEs and apply an interven-
tion analysis to identify which latent dimen-
sions contribute most to reconstruction error.
Our results show that higher dataset diversity
and reconstruction ratio sum leads to a richer
latent space, where uncertainty spreads across
more distinct dimensions. Moreover, interven-
tions work better on models trained with di-
verse data, showing that variety in the training
set makes the VAE’s latent space more inter-
pretable and responsive to change. These find-
ings indicate that having a diverse training set
causes more significant dimensions in the la-
tent space of VAEs with respect to reconstruc-
tion error. Code is made available at https:
//github.com/AlexanderAKM /Advanced _ML.
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1 Introduction

1.1 Introduction to VAE

Variational Autoencoders are widely used tools
[1], as they are very efficient in detecting the
underlying data distribution and are able to
generate new, realistic samples. Their architec-
ture consists of a probabilistic approach and an
encoder-decoder framework, which makes them
highly versatile and adaptable to various tasks.

The use cases of VAEs span a wide range of
domains, particularly in generating and manip-
ulating media. For example, a VAE trained on
a dataset of faces can create new, unique hu-
man faces that look realistic [2]. This capabil-
ity is valuable in creative arts, entertainment,
advertising, and virtual reality. Beyond genera-
tive tasks, VAEs are also effective for tasks like
image denoising, enhancement, and even gen-
erating 3D data like point clouds and meshes
[3][4]).

The usage of VAEs in this context is very effi-
cient, as its latent space is a compressed, lower-
dimensional representation of the input data
[5]. Unlike a standard autoencoder that creates
a fixed encoding, a VAE’s encoder maps the
input to a probability distribution within this
latent space [4]. By sampling from this continu-
ous latent distribution and passing the sample
to the decoder, VAEs can generate new data in-
stances that resemble the original training data
[2]. This probabilistic approach allows for the
generation of diverse and novel samples rather
than just reconstructing inputs [2].

Further use cases of VAEs that are relevant,
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but not applicable to this project include but
are not limited to: anomaly detection, molecu-
lar generation, and financial modeling.

In anomaly detection, VAEs are trained on
“normal” data to learn typical patterns and
later identify deviations, which is useful for
fraud detection in finance or defect detection
in manufacturing [6][7]. In molecular design,
VAEs trained on large chemical datasets can
generate new molecular structures with desired
properties, helping drug discovery [8]. In fi-
nance, VAEs have been applied to model and
generate synthetic volatility surfaces for deriva-
tive pricing and hedging [9], or to synthesize
realistic financial transaction data when real-
world examples, such as fraud cases, are limited
[10].

Finally, VAEs are valuable for data aug-
mentation, i.e. artificially expanding datasets
with realistic synthetic samples to improve
model generalization [1]. They are also used
for dimensionality reduction, compressing high-
dimensional data into compact latent represen-
tations while preserving the key structural in-
formation [9].

1.2 Architecture of a VAE

A Variational Autoencoder is a probabilis-
tic generative model that leverages a neu-
ral network-based encoder-decoder architecture
[11][12]. Its primary objective is to learn a prob-
abilistic mapping from a high-dimensional data
space X to a lower-dimensional, continuous la-
tent space Z, from which new data can be gen-
erated.

1.2.1 The Generative Model (Decoder)

The generative process, or decoder, defines a
distribution over the data x € X conditioned on
a latent variable z € Z. This process is defined
by two components:

1. A prior distribution over the latent vari-
ables, p(z), which is typically chosen to be
a standard multivariate Gaussian: p(z) =

N(z;0,1).

2. A conditional distribution pg(x|z), repre-
senting the likelihood of observing x given

z. This distribution is parameterized by a
neural network (the decoder) with param-
eters 6. For real-valued data like images,
po(x|z) is often modeled as a Gaussian
N (x; pg(z), diag(o3(z))), or a Bernoulli
distribution for binary data.

The ultimate goal is to maximize the marginal
likelihood of the data, pg(x) = [ po(x|z)p(z)dz.
However, this integral is generally intractable
due to its high dimensionality and the complex-
ity of pe(x|z).

1.2.2 The Inference Model (Encoder)

To overcome the intractability of the true pos-
terior py(z|x) = %, VAEs introduce a
variational approximation, g4(z|x), parameter-
ized by another neural network (the encoder)
with parameters ¢ [13]. This approximate pos-
terior is designed to be a tractable distribution,
typically a multivariate Gaussian with a diago-
nal covariance structure:

4o(2]%) = N (2 (%), ding (02 (x)))  (1.1)
Here, the encoder network takes an input x and
outputs the mean vector p,(x) and the log-
variance vector log a’i(x).

1.2.3 The Objective Function: Evidence
Lower Bound (ELBO)

The parameters ¢ and 6 are jointly optimized
by maximizing the Evidence Lower Bound
(ELBO), denoted L(¢,0;x), on the marginal
log-likelihood [11]. The ELBO is derived as fol-

lows:

log pg(x) = 10g/p9(x,z)dz (1.2)
1o < g %021%)
=1 g/pé’( ’ )q(;s(Z‘X)d (13)
= log Ezrvq«zs(ZIX) [pe(x, Z)} (1.4)

q4(2[x)
po(x,2)
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(1.5)

} (by Jensen’s Inequality)



This lower bound can be rewritten in a more
intuitive form [14]:
£(¢7 0, X) = Ez~q¢(z|x) [10gp9 (X|Z)]
Reconstruction Term

— Dk r(g(2[%)|p(2))

Regularization Term

(1.6)

The first term is the expected negative recon-
struction error. It forces the decoder to learn to
reconstruct the input data x from its latent rep-
resentation z. The second term is the Kullback-
Leibler (KL) divergence between the approxi-
mate posterior and the prior. This term acts as
a regularizer, encouraging the encoder to learn
distributions ¢4(z|x) that are close to the stan-
dard normal prior, which enforces a smooth and
well-structured latent space. For a Gaussian en-
coder and prior, this KL divergence term has a
convenient closed-form analytical solution:

Dk (N (p,diag(a?)) | N(0,T))
1 J

(07 + 43 —1—1logo?)
1

> (1.7)

J

where J is the dimensionality of the latent
space.

1.2.4 Optimization via the Reparame-
terization Trick

A challenge in optimizing the ELBO is that the
gradient cannot be backpropagated through the
sampling step z ~ g4(z|x). The reparameteri-
zation trick resolves this issue by reframing the
sampling process [11]. Instead of sampling z di-
rectly, we sample a noise vector € from a sim-
ple distribution, such as € ~ A(0,I), and then
compute z as a deterministic function of p,
04, and €

2= py(x) +osx) e (L)
where ® denotes the element-wise product.
This formulation externalizes the stochasticity,
allowing gradients to flow from the objective
function back through z to the parameters ¢
and 6 of the encoder and decoder, respectively.
The final loss function to be minimized via

stochastic gradient descent is the negative of
the ELBO, where the expectation is approxi-
mated using a single Monte Carlo sample:

L(¢,0;x) ~ —log pg(x|2) + Dic1.(44(2[x)||p(2))

(1.9)
where z is obtained using the reparameteriza-
tion trick

1.3 Uncertainty in VAEs and its
Consequences

With all the benefits VAEs bring to the ta-
ble, they also have several inherent limitations,
most notably uncertainty, which can degrade
their performance. This uncertainty often man-
ifests as blurry image generation and can con-
tribute to posterior collapse, where the latent
variables fail to capture the meaningful infor-
mation about the input data [15][16].

At its core, a VAE is a generative model
that learns the probabilistic mapping between
the input data and a lower-dimensional la-
tent space. Unlike a standard autoencoder that
learns a single, fixed encoding for each input, a
VAE’s encoder outputs a probability distribu-
tion (typically a Gaussian) for each input. This
distribution is defined by a mean and a vari-
ance, where the variance represents the uncer-
tainty about the latent representation of a given
data point. The decoder then samples from this
distribution to generate new data. This proba-
bilistic nature is what allows VAEs to generate
diverse outputs [17], but also the reason why
image sharpness can be hindered.

1.4 Variety of Image Generation
in VAEs

As mentioned, a key strength of VAEs is their
ability to generate diverse, realistic images by
using a structured latent space. Unlike stan-
dard autoencoders that produce determinis-
tic reconstructions, VAEs introduce controlled
randomness through probabilistic encoding, be-
ing able to create novel outputs beyond the
training data [3]. This generative diversity is
facilitated by the following core concepts:



e Latent Space Sampling: The latent
space in a VAE is a low-dimensional, con-
tinuous representation of the input data
[3]. Because the encoder outputs a distri-
bution rather than a single point, it intro-
duces a degree of controlled randomness
[18]. This means that for a single input im-
age, the encoder describes a region in the
latent space from which a latent vector can
be sampled [19][20].

e Sampling for Novelty: To generate a
new image, a random point is sampled
from this learned distribution in the la-
tent space and then passed to the decoder
[20]. The decoder, which is a neural net-
work trained to reconstruct images from
these latent vectors, then generates an im-
age that is similar, but not identical, to the
original training data [20]. This sampling
process is what allows VAEs to produce a
continuous spectrum of new outputs [19].

e KIL. Regularization: During training,
a regularization term, known as the
Kullback-Leibler (KL) divergence, encour-
ages the learned distributions in the latent
space to be close to a standard normal dis-
tribution [21][22]. This regularization helps
to create a smooth and well-structured la-
tent space where nearby points correspond
to visually similar images [3]. This continu-
ity allows for meaningful interpolation; by
selecting two points in the latent space and
decoding the intermediate points, one can
generate a smooth transition between the
corresponding images [22].

In essence, the VAE learns the underlying
probability distribution of the training data
[21]. By sampling from this learned distribu-
tion, the VAE can generate a multitude of new
images that exhibit the same characteristics as
the training set, effectively ”dreaming up” new
variations of the data it has seen [19]. This abil-
ity to generate diverse and plausible outputs
makes VAEs a powerful tool in various creative
AT applications [3].

1.5 Uncertainty VS. Variety

Tradeoff

A fundamental challenge in working with Vari-
ational Autoencoders lies in balancing the “un-
certainty” in the latent space with the “variety”
or quality of the generated samples. This trade-
off is primarily governed by the two main com-
ponents of the VAE’s loss function: the recon-
struction loss and the Kullback-Leibler (KL) di-
vergence [23][24][25][26][27].

The reconstruction loss encourages the VAE
to accurately reconstruct the input data from
its latent representation [23][25][26]. Minimiz-
ing this loss leads to higher-fidelity reconstruc-
tions, meaning the generated samples are sharp
and closely resemble the original data. How-
ever, focusing solely on reconstruction can lead
to a less structured and more “certain” latent
space, where the model essentially learns to
memorize the training data, limiting its ability
to generate novel and diverse samples.

On the other hand, the KL divergence term
acts as a regularizer, pushing the distribution
of the learned latent variables to be close to a
predefined prior distribution, typically a stan-
dard normal distribution [23][25]. This regu-
larization encourages a more structured and
“uncertain” latent space, preventing overfitting
and enabling the generation of a wider vari-
ety of new data points [23]. However, placing
too much emphasis on the KL divergence can
come at the cost of reconstruction quality, lead-
ing to blurry and less detailed generated images
[23][25].

This inherent tension creates a tradeoff: a
model that excels at reconstruction may lack
generative diversity, while a model that prior-
itizes a smooth and regularized latent space
might produce less realistic outputs [26]. The
B-VAE directly addresses this tradeoff by in-
troducing a weighting factor (3) to the KL di-
vergence term, allowing researchers to explic-
itly control this balance [28][29]. Finding the
optimal balance between these two competing
objectives is a key aspect of training effective
VAEs and is often dependent on the specific
application and desired outcome.



1.6 Variety of Datasets

Datasets can have different varieties and com-
plexities of data, from very simple datasets, e.g.
Iris Petal Dataset [30] with only very few dat-
apoints and only five features, to very complex
datasets that include almost all of the internet
and are used to train Large Language Models
(LLMs), or Gene Expression Datasets with over
20.000 features like the Gene Expression Om-
nibus dataset [31] which are know for the high
complexity.

Given this diverse landscape, it is paramount
to recognize that not all Al models are suited
for all types of data. A very complex model
might not be able to learn a simple representa-
tion like in the Iris Petal dataset, if only very
few data points are available, but will definitely
be an overkill and waste resources and compu-
tational power. The final performance of the
task that one wants to perform is highly de-
pendent on the choice of model [32].

Datasets might also be very homogeneous,
for example repetition of data points, large
over-representation of a certain class, similar
images (in an image dataset) etc. This homo-
geneity can lead to issues like overfitting, re-
duced model effectiveness and increased bias
[33].

VAE:s specifically have a tendency to struggle
with homogeneous datasets. When the training
data lacks diversity, the VAE may learn a latent
space that is not very rich or expressive, po-
tentially leading to overfitting where the model
essentially memorizes the limited variations in
the data [34]. This restricts its ability to gen-
erate novel and diverse samples, which is one
of its key strengths. For instance, if a VAE is
trained only on very similar images, the learned
probability distributions in the latent space will
be tightly clustered. Interventions aimed at re-
ducing reconstruction blurriness by averaging
across certain latent dimensions might have a
limited effect, as there is little variety to begin
with. On the other hand, in more complex and
diverse datasets, the VAE learns a more struc-
tured latent space where different dimensions
capture more distinct features. In this scenario,
intervening in the latent space to reduce uncer-

tainty can significantly decrease reconstruction
blur, but it may also diminish the output’s va-
riety, a crucial trade-off. This is why selecting
datasets with sufficient diversity is critical for
analyzing the relationship between latent un-
certainty and reconstruction quality.

To quantitatively check the variety of a
dataset, we employ the Structural Similar-
ity Index (SSIM) as our diversity metric, see
2.2. Rather than relying on pre-trained fea-
ture extractors like ResNet-18, which we ul-
timately have not used, see Appendix B, we
directly measure dissimilarity between image
pairs. Specifically, for each dataset, we sam-
ple images and compute the SSIM between all
pairs, which capture different characteristics of
the images. The diversity score is then defined
as a dissimilarity measure, see Section 2.2. A
higher score indicates greater visual and se-
mantic heterogeneity, signifying a more diverse
dataset with a wider range of features and con-
tent [35][36].

1.7 Research Goal

To summarize, VAEs are powerful gener-
ative models, though their complex, high-
dimensional latent spaces can make them be-
have like “black boxes,” making it difficult to
interpret their internal representations and di-
agnose performance issues [37]. A widely ac-
knowledged limitation, for instance, is their
tendency to produce blurry reconstructions, a
side effect of the distributional averaging in-
herent in their objective function [38]. The
conventional approach to mitigate such is-
sues—iterating on model architectures or en-
gaging in extensive hyperparameter tuning—is
often computationally expensive with no guar-
antee of success [39]. This challenge is being
made more complex by the fact that select-
ing an optimal model architecture for a given
dataset’s complexity remains a significant open
problem in machine learning.

This abundance of challenges highlights a
critical need for methods that can analyze
and improve model performance post-training.
Such post-hoc analyses, which probe a model’s
learned representations after training is com-



plete, offer a more resource-efficient path to-
ward understanding model behavior and en-
hancing reliability without the need for com-
plete re-training [40]. This paper adopts such
a post-training approach by investigating the
fundamental relationship between the diversity
of the training data and the manifestation of
epistemic uncertainty in VAE reconstructions.

Our central goal is to understand how the
structure of the learned latent space is shaped
by data diversity and how this, in turn, influ-
ences reconstruction quality. To this end, we
formulate a primary hypothesis:

e Hypothesis: The effectiveness of post-
training interventions to reduce recon-
struction blur is contingent on the di-
versity of the training data. For low-
diversity (homogeneous) datasets, a VAE
will learn a tightly clustered latent space
where uncertainty is diffuse, and interven-
tions will have a limited and uniform effect.
Conversely, for high-diversity (complex)
datasets, the VAE will learn a more struc-
tured latent space where distinct dimen-
sions capture meaningful features. In this
scenario, targeted interventions can signif-
icantly reduce uncertainty-driven blur, po-
tentially at the cost of output variety.

To systematically test this hypothesis, we
aim to:

e Propose and apply a quantitative frame-
work for measuring dataset diversity. This
is achieved by aggregating pairwise visual
dissimilarities across the dataset, using the
well-established Structural Similarity In-
dex (SSIM) as the foundational metric.

e Analyze how VAEs trained on datasets
with controlled levels of diversity represent
uncertainty in their latent space.

e Employ a targeted intervention analysis
to identify which latent dimensions are
the primary contributors to reconstruction
blur and examine how this contribution
varies with dataset diversity.

By pursuing these objectives, we want to
move beyond training models and instead de-
velop a deeper understanding of how data prop-
erties influence latent representations.

This work aims to contribute to post-hoc
techniques that can enhance VAE performance,
saving valuable computational resources and
providing clearer insights into the internal
workings of these generative models.

2 Methodology

2.1 Experimental
Overview

Design

To systematically investigate the relationship
between dataset characteristics and the man-
ifestation of uncertainty in VAE reconstruc-
tions, we designed a multi-dataset experimental
framework. Our approach consists of three key
components:

1. Quantitative measurement of dataset di-
versity

2. Training of VAE models across multiple
subsets of our datasets

3. Intervention-based analysis of latent un-
certainty

To achieve this, we create a controlled-
diversity framework in which the variation
within the training data is explicitly deter-
mined by the number of classes (C) and the
number of samples per class (S.). We evaluate
three diversity levels:

(C,S.) € {(1,1000), (5,1000), (10,1000)}

All models use the same architecture, opti-
mizer, and hyperparameters. Additionally, to
make sure that any observed variation arises
purely from dataset composition, we repeat
each configuration for N = 10 independent
runs. For each run, we vary the dataset seed
sq € [2810,2819] to create different random
subsets, while keeping the training seed fixed
at s; = 2810. This approach makes it easy to



control the influence of random sampling while
maintaining identical model initialization and
learning dynamics across runs (more informa-
tion on the hyperparameters can be found in
Appendix A).

In an initial attempt, we tried to quantify
dataset diversity using a feature-based met-
ric derived from ResNet-18 embeddings on
nine grayscale datasets. While the idea seemed
feasible, we found that it did not reliably
capture meaningful differences for small, low-
resolution, grayscale images, giving redundant
results (more details in Appendix B).

2.2 Dataset Selection and Diver-
sity Measurement

We selected two grayscale image datasets to en-
sure sufficient variability in visual complexity
and content diversity:

e MINIST [41]: A cornerstone of machine
learning, the MNIST (Modified National
Institute of Standards and Technology)
dataset is a collection of 70,000 hand-
written digits, from 0 to 9. It is di-
vided into 60,000 images for training
and 10,000 for testing. Each image is a
28x28 pixel grayscale representation. This
dataset was created by “re-mixing” sam-
ples from NIST’s original datasets to bet-
ter suit machine learning experiments. It
has become a fundamental benchmark for
image processing and classification algo-
rithms.

e FashionMNIST [42]: Created as a more
challenging drop-in replacement for the
original MNIST dataset, FashionMNIST
features 70,000 grayscale images of fashion
products from 10 different categories. The
dataset, provided by Zalando, is also split
into 60,000 training and 10,000 testing im-
ages, each at a 28x28 pixel resolution. It
serves as a benchmark for modern machine
learning algorithms, offering a greater chal-
lenge than the classic handwritten digits.

For each dataset, we construct subsets by
randomly selecting C' classes and S. examples

per class with a fixed random seed for repro-
ducibility. Each resulting subset therefore con-
tains

Ntotal =Cx Sc

training samples. Moreover, all further diver-
sity and intervention analyses are performed on
the training subsets, as the goal is to exam-
ine how dataset composition influences latent-
space structure rather than model generaliza-
tion (throughout the rest of the paper, when-
ever we refer to a “dataset”, we mean one of
these controlled training subsets).

We then quantify dataset diversity us-
ing the Structural Similarity Index Measure
(SSIM) [43], which measures perceptual simi-
larity between pairs of images. For two normal-
ized grayscale images z;,z; € [0,1]%%28 the
SSIM is computed as

(2pip; + c1)(2045 + c2)
(17 + 13 +c1)(0f + 07 +c2)’

SSIM(JJi, .Z‘j) =

where p; and p; denote the mean intensi-
ties, o2 and crjz are the sample variances, o;; is
the sample covariance between x; and x;, ¢y =
(k1L)?%,c2 = (k2L)? are two variables to stabi-
lize the division where L is the dynamic range
of the pixel-values (typically 27#Pits per pixel _ 1)
and k; = 0.01 and k2 = 0.03 by default [43]. To
express structural dissimilarity, we define

d(l‘i, .’L‘j) =1- SSIM(.’L‘“.’L‘j)

We then estimate the overall diversity of a
dataset as the average dissimilarity across all
pairwise combinations of a randomly sampled
subset of images (200 samples per dataset for
computational efficiency since SSIM is quite ex-
pensive):

2
D= n(n—1) Zd(x“xj%

i<j

and compute its sample variance as

Var(D) = Var; ;[ d(z;,2;)] .

A higher value of D indicates a more diverse
dataset in terms of content and visual variabil-

ity.



2.3 Model
Training

Architecture and

For each of the datasets, we train an identical
VAE architecture to ensure controlled compar-
ison. The model consists of an encoder, repa-
rameterization, and a decoder.

The encoder is a fully-connected feedforward
network that maps the flattened 28 x 28 input
image (784 dimensions) through a hidden layer
of 400 units with ReLU activation, outputting
the parameters of the approximate posterior
distribution: mean g € R2?° and log-variance
logo? € R?0.

Latent samples are drawn using the reparam-
eterization trick [11]:

z=p+0o0e €~N(0,I)

The decoder is a feedforward network map-
ping the 20-dimensional latent code through
a 400-unit hidden layer with ReLU activation,
followed by a final layer of 784 units with sig-
moid activation to reconstruct the image.

The model is trained by maximizing the evi-
dence lower bound (ELBO):

L(x) = Eq(g)x)[log p(x|2)] - 8- Dk (q(z[x)||p(z))
where the reconstruction term wuses binary
cross-entropy loss:

log p(x|z) = —BCE(x, x)

and the KL divergence regularization is:

20

32

<1+loga —/,Lj 0']>

l\D\H

Dx1.(q(z|x)|p(z)

We employ the Adam optimizer [44] with
learning rate 1073, batch size 256, and train
for 10 epochs.We had ambitions of trying our
experimental design on a convolutional VAE, of
which the implementation can be found on our
GitHub, and the details are shown in Appendix
C. Unfortunately, due to complexity and time
factors, we were not able to properly show the
results in this report.

2.4 Intervention-Based Uncer-

tainty Analysis

To investigate whether reconstruction blur
originates from epistemic uncertainty in the la-
tent space, we perform a systematic interven-
tion analysis on each trained model. For each
dataset, we analyze M = 500 randomly selected
images.

2.4.1 Baseline: Stochastic Reconstruc-
tion

For each image x, we encode it to obtain the
posterior parameters (u,0?). We then sample
a latent code z ~ ¢(z|x) and decode it to ob-
tain a reconstruction Xsample. The baseline re-
construction error is:

5.sample = MSE(&samplev X)

where MSE denotes mean squared error. This
represents the typical reconstruction quality
when sampling from the learned posterior.

2.4.2 Mean Ablation

To establish a reference for the effect of remov-
ing all stochastic sampling, we decode directly
from the posterior mean:

Xmean = Decoder(p)
The mean reconstruction error is:
gmcan - MSE(chana X)

The difference Apase = Esample — Emean quan-
tifies the total impact of latent uncertainty on
reconstruction quality.

2.4.3 Per-Dimension Interventions

To isolate the contribution of uncertainty in
each individual latent dimension, we perform
targeted interventions. For each dimension i €
{1,...,20}:

1. Sample a latent vector z ~ ¢(z|x)

2. Intervene by setting z; < p; (replacing the
sampled dimension with the mean)



3. Decode the modified latent vector: Xins; =
Decoder(z)

4. Compute the intervention reconstruction
error: Eing,; = MSE(Xint,i,X)

The reduction in reconstruction error for di-
mension ¢ is:

Agz = gsamplc - gint,i

We then calculate the contribution ratio for
each dimension:

AE;

Ri - Agbase

This ratio quantifies what fraction of the to-
tal uncertainty-induced error is attributable to
dimension ¢. Dimensions with R; > 7 (where
7 = 0.075 is a threshold representing 1.5 times
the uniform contribution 1/20 = 0.05) are con-
sidered significant dimensions.

2.5 Cross-Dataset Analysis and
Metrics

For each dataset, we aggregate the intervention
results across all M = 500 images to compute
dataset-level summary statistics:

e Mean Sample Error (Esample): Mean
reconstruction error with stochastic sam-
pling.

e Mean Posterior Error (Epean): Mean
reconstruction error using posterior mean.

e Reconstruction  Difference (A£):
Esample — Emean, Mmeasuring the overall
impact of uncertainty.

¢ Ratio Sum (22221 R;): Sum of mean con-
tribution ratios across all dimensions, in-
dicating the degree to which individual di-
mensions additively explain uncertainty.

e Significant Dimensions (Ngig): Number
of dimensions with R; > 0.075, identify-
ing how many latent factors meaningfully

contribute to uncertainty-driven blur.

e Intervention Variance
(Var(Eint,1,- -, Emnt20)):  Variance  in
reconstruction errors across interventions,
measuring heterogeneity in dimension

importance.

Finally, we compute Pearson correlation coef-
ficients between dataset diversity (from Section
2.2) and each of the intervention metrics to in-
vestigate whether datasets with greater visual
diversity exhibit different patterns of latent un-
certainty and reconstruction characteristics.

All results, including per-dataset metrics and
correlation analyses, are stored in a structured
CSV file for reproducibility and further statis-
tical testing and potential future research.

2.6 Theoretical Framework

There have been various attempts to write a
mathematical proof that is in line with the topic
and research. One of these wrong attempts can
be found in Appendix D. For the final proof we
will first state some preliminaries which we will
then conclude with the final theorem and proof

Definition 1 (Dataset Diversity Score). We
construct the dataset diversity as mentioned in

2.2 using the Structural Similarity Index Mea-
sure (SSIM):

(2piptj + c1) (2045 + c2)
(uF + 15 + 1) (07 + 03 + c2)
(2.1)
with the same definitions of the variables as
in the mentioned section. To express structural
dissimilarity, we define:

SSIM(x;,x;) =

and the overall diversity of a dataset as pre-
viously done by:

2
D= wn D) > d(wi, ;). (2.3)

i<j

Definition 2 (Reconstruction Error and Con-
tribution Ratio). For a Variational Autoen-
coder with encoder q(z|x) producing posterior



parameters (p, 0?) € R* xR?°, decoder p(x|z),
and data x ~ D we define:

Esample = ExND []Ezqu(z‘z) [1 — SS]M(D@C(Z),.Z‘)]]
4

2.4)
Erpean = Ex {1 — SSIM(Dec(u(z)), x)} (2.5)
ﬁbase - Esample - Emean (26)

Furthermore, for each latent dimension i €
{1,...,20}, define the intervention reconstruction
error:

Eint,i =Eesnp [Ezrvq(z\z) [1 - SSIM(DeC(ZZHHl)’ l‘)
_ (2.7)
where z*" denotes the latent vector z with di-
mension i replaced by p;.
The contribution ratio is:

_ Esa/mple - Eint,i

R
AEbase

2.8
Esample - Emean ( )
Hypothesis 3 (Empirical View on Dataset Di-
versity). As the dataset diversity D increases,
at least R; increases and thus equivalently
max; R; correlates positively with D.

2.6.1 Main Result

Theorem 4 (Diversity Implies Significant Di-
mensions). Let v > 0 be a diversity thresh-
old and 7 > 0 be a significance threshold. If
a dataset with Diversity Score D > ~ implies
higher entropy H(X) and the VAE preserves
reconstruction quality via I(X;z) o« H(X),
then there exists at least one latent dimension
i* € {1,...,d} such that R;~ > T, where:
-y

T —

- (2.9)

and {1,...,d} are the latent dimensions and
a-v>0,a>0eR.

Proof. Assumption: Information Bottleneck:
Let I(X; z) denote the mutual information be-
tween data X and latent representation z. The
encoder-decoder pair of a VAE obeys:

I(X;2) < HX),

where H(X) is the entropy f the dataset. When
the dataset diversity D increases, H(X) in-
creases monotonically, so the encoder must in-
crease the mutual information I(X;z) to pre-
serve the reconstruction quality. The increase
is reflected by higher latent variance o2 and
stronger per-dimension contributions R;«.

We proceed by contradiction.

Assume D > ~ > 0. Since H(X) grows
with dataset diversity D, maintaining good re-
construction requires a proportional increase in
mutual information I(X;z). Because

I(X;2) = Ex[Dre(q(2]2)[|p(2)]

a larger 1(X;z) implies that some coordinates
of z must have a higher variance and lower re-
construction stability. Hence,

Ez [AEbase] Z BD

for some 8 > 0 where 5 >0 € R and a > .
This holds because higher diversity requires
the VAE to encode more varied information,
necessarily increasing posterior uncertainty.
For a sampled latent vector z = pu + o ©
€ where € ~ N(0,1I), consider the telescoping
sum:

AEba»se = IEsample - IEmean (210)
d
S Z(]Esample - ]Eint,i) (211)
=1
d
= AE; (2.12)
i=1

The inequality becomes approximate equal-
ity when the decoder exhibits near-additive
behavior with respect to latent perturbations
while also maintaining the standard regularity
conditions of continuity and smoothness. Under
these conditions on the decoder, we have:

d d AE,

;Ri:;AEbgse 20‘7

where a-vy > (- 7.
Suppose, for contradiction, that R; < 7 for
all dimensions i € {1,...,d}.

(2.13)
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Then:

d
S Ri<d-r (2.14)
1=1
Ifr< %, then:
d «
ZRigd-T<d-%=a7 (2.15)

i=1

This contradicts the inequality in Equation
10.

Therefore, there must exist at least one di-
mension i* € {1,...,d} such that R;» > 7. O

3 Results

With the above methodology, the experiment
was performed. The datasets were split into
having 1 class, 5 classes and 10 classes, each
having 1000 samples. For these datasets, the
mean with standard error is given in tables 3.1
and 3.2.

Chunk Diversity Var_Div Recon_Samp Recon_Mean
9 0.662+0.039 0.02240.002 0.029+0.003 0.027+0.003
1 0.781+£0.007  0.02040.001 0.017£0.0005  0.01340.0004
2 0.796+0.002 0.016+0.0002 0.015£0.0002 0.01140.0001
3 0.709£0.044  0.027£0.004 0.026+0.002 0.025£0.002
4 0.855+0.004  0.02440.002 0.018+0.0005 0.01540.0006
5 0.87940.001 0.018+0.0003 0.017+£0.0002 0.015+0.0002

Table 3.1: Summary of primary dataset and re-
construction metrics (Mean + SE). Chunks 0-2
correspond to MNIST with 1, 5, and 10 classes,
respectively. Chunks 3-5 correspond to FashionM-
NIST with 1, 5, and 10 classes.

Chunk Recon_Diff Ratio-Sum Sig_-Dims Int_Var

0 0.002£0.0002 1.037£0.020 3.3+£0.4 3.4e-09+2e-10
1 0.004£0.0001  0.974+0.005 0.1+0.1 2.0e-09+3e-10
2 0.004£0.0001  0.983+0.004 0.0+0.0 9.3e-10%4e-11
3 0.001£0.0004 0.391+0.846 7.6+2.1 7.2e-09+1e-09
4 0.003£0.0001  1.133+£0.015 7.24+0.4 7.3e-09+5e-10
5 0.002£0.0001  1.019+0.006 6.01+0.6 5.9e-09+5e-10

Table 3.2: Summary of intervention-based uncer-
tainty metrics (Mean £ SE). This table presents
the key outcomes of our analysis. The FashionM-
NIST dataset can be found in (Chunks 3-5) and
the MNIST in (Chunks 0-2).

Then, the Spearman Correlation Coefficients
were calculated. Spearman was used over Pear-
son as it captures monotonic relationships and

Feature Importance Ranking by Correlation Strength

02477

02753

0.3466

]

T N I B R T
Spearman's p

Figure 3.1: Visual ranking of feature importance

based on Spearman’s correlation strength with the

number of significant dimensions.

does not assume linear relationships with the
variables. The spearman correlation was calcu-
lated between all the metrics and the significant
dimensions. This was to see which metric was
able to influence the significant dimensions of
the dataset.

Feature Spearman’s p p-value

Ratio_Sum 0.8569 2.45 x 10718
Recon_Diff —0.6298 7.02 x 1078
Recon_Mean 0.4751 1.25 x 1074
Recon_Sample 0.3466 6.67 x 1073
Diversity 0.2753 3.33 x 1072
Var_Diversity 0.2477 5.64 x 1072

Table 3.3: Spearman’s rank correlation coeffi-
cients with the number of significant dimensions.
The results show that Ratio_Sum has the strongest
positive correlation (p = 0.8569, p < 0.001).

From the table 3.3, we can clearly see that
the most significant factor in influencing the
number of Significant dimensions is the Ra-
tio_Sum with a p = 0.8569 and p = 2.45x 10718,
With this, we get p? = 0.7343, explaining
73.43% of the variance in the number of Signif-
icant Dimensions. Figure 3.1 ranks the features
according to their Spearman Coefficients.

Figure 3.2 shows the number of significant
dimensions per dataset. Fashion MNIST has
a greater number of mean significant dimen-
sions per dataset, which corresponds also to
the higher reconstruction sum tabulated above.
It also has significantly higher standard error,
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Chunk ion Across i Confi

MNIST
- FashionMNIST

Mean Significant Dimensions

Dataset Configuration

Figure 3.2: Mean number of significant latent di-
mensions across the experimental configurations.
The shaded regions represent the standard error
across the independent runs for each configuration.

showing greater variance in the data. Clearly,
the mean number of significant dimensions per
dataset in MNIST is much lower.

4 Discussion

Our investigation establishes a compelling, al-
beit complex, relationship between training
data diversity and the structure of latent un-
certainty in VAEs. The primary finding is that,
generally, datasets with higher visual diversity
tend to produce VAEs with a more structured
latent space, where significant reconstruction
uncertainty (set by an arbitrary ratio of 0.075
of the total ratio sum) can be attributed to a
larger number of distinct dimensions. This ob-
servation offers us insights for developing more
efficient, post-hoc methods for model refine-
ment.

Our results partially support our central hy-
pothesis, given the low Spearman’s p. The core
of our hypothesis (that higher diversity enables
more effective interventions) is backed by the
significant correlation found between our diver-
sity metric and the number of significant di-
mensions (Nsig), as shown in Table 3.3, albeit
with a low Spearman’s p. The strong perfor-
mance of the Ratio_Sum metric further suggests
that with diverse data, the VAE is incentivized
to learn a more disentangled representation, as
the total uncertainty can be more effectively
decomposed into the sum of its parts. Yet, the

variability within our results is also telling. As
noted in Section 4.1, some runs on the lower-
diversity MNIST dataset yielded a surprisingly
high count of significant dimensions, occasion-
ally outperforming FashionMNIST runs. This
suggests that while diversity is a powerful driv-
ing factor, the relationship is not perfectly de-
terministic. The stochasticity of both model
training given different datasets and, critically,
the random sampling of classes and images
for each experimental run can introduce sig-
nificant sample variance in the results. A low-
diversity dataset by our average measure might,
by chance, contain a few highly distinct samples
that force the model to learn a more complex
representation than is typical for that diversity
level.

The underlying mechanism for our main find-
ing can be traced back to the VAE’s objective
function. A VAE must balance the competing
pressures of accurate reconstruction and regu-
larization via the KL divergence term. When
trained on a homogeneous dataset, the model
can achieve low reconstruction error by map-
ping a narrow range of inputs to a small, tightly
clustered region of the latent space. There is
little incentive to utilize the full latent capac-
ity. Conversely, a diverse dataset presents the
model with a wider variety of features it must
learn to reconstruct. To do so effectively, the
encoder is forced to map different inputs to
more distinct regions of the latent space, effec-
tively “stretching out” the representation and
encouraging the use of multiple dimensions to
capture different factors of variation. This pro-
cess naturally leads to a more structured and
interpretable latent space where interventions
are more meaningful.

4.1 Limitations

While our controlled diversity framework pro-
vides a reproducible way to study the role of
dataset variety in epistemic uncertainty, several
limitations remain.

First, the significance threshold (r = 0.075)
used to identify active latent dimensions is ar-
bitrary. Although it provides a simple heuristic
for comparing across runs, its fixed nature may
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over- or under-estimate the number of mean-
ingful dimensions depending on the dataset or
scale of the reconstruction errors.

Furthermore, it is crucial to critically eval-
uate our methodological choice for quantify-
ing diversity. While using an aggregated SSIM
score proved to be an effective proxy for
diversity—as evidenced by the strong final
correlations—it is not without significant prac-
tical drawbacks. The pairwise nature of SSIM
results in a quadratic computational complex-
ity (O(n?)), making its application to the full
training set computationally infeasible. Our de-
cision to estimate diversity from a subset of
200 samples was a necessary compromise. This
introduces a potential source of sampling er-
ror; our diversity score, D, is an estimate, not
a ground truth. This limitation means we are
correlating our intervention metrics with a po-
tentially noisy measure of diversity, which may
partly explain the observed variance in our re-
sults and temper the strength of our conclu-
sions. A more scalable, globally-aware diver-
sity metric could potentially reveal an even
stronger, more stable relationship.

Third, the variance across random dataset
samples can introduce inconsistencies in the ob-
served metrics. Despite using identical archi-
tectures and fixed training seeds, some MNIST
runs showed much higher counts of significant
latent dimensions and larger ratio sums, even
outperforming FashionMNIST. This variability
suggests that the random selection of classes
and samples can have a meaningful impact on
the uncertainty measures, even within the same
nominal configuration.

Furthermore, the reliance on the reconstruc-
tion error for identifying active latent dimen-
sions could conflate the representation quality
with the true dimensional usage. For example,
a latent dimension with low variance in recon-
struction error could either indicate actual inac-
tivity or could just be an indicator of consistent
encoding across the dataset. On the other hand,
high variance could be due to the model’s diffi-
culty of reconstructing specific features rather
than a meaningful usage of the dimension. This
makes it difficult to distinguish between dimen-
sions that capture important information and

those that just reflect model instability or re-
construction noise.

Finally, the experiments were limited to
grayscale datasets (MNIST and FashionM-
NIST) and a single, simple VAE architecture.
These constraints restrict how far the conclu-
sions can generalize to more complex data dis-
tributions.

4.2 Future Work

Future research could address these limitations
and extend the current findings in several di-
rections.

A natural next step would be to introduce
adaptive or data-driven thresholds for identify-
ing significant latent dimensions, perhaps using
confidence intervals or bootstrapped variability
measures. One could then potentially intervene
on only the most significant dimensions, elim-
inating most of the reconstruction error while
simultaneously keeping reconstructions varied.

Testing on larger or more structured datasets
(e.g., CIFAR-10, CelebA, or medical imaging
data) would also be valuable, as it could reveal
whether the same relationships and trends hold
for richer feature distributions.

In case these datasets give some more sta-
ble result, one could investigate how the latent
space of less and more varied datasets evolve
over time when training progresses. Specifically,
tracking active latent dimensions over epochs
could reveal whether high-diversity datasets ac-
tivate more dimensions at an early stage and
how this evolves over time.

5 Conclusions

The experiment reveals a complex relationship
between training data diversity and VAE latent
space structure. Our results weakly support our
hypothesis: diversity correlates with significant
dimensions, though the weak p-value indicates
a non-deterministic relationship. Ratio_Sum’s
strong predictive power suggests diverse data
incentivizes disentangled representations. The
mechanism arises from the VAE objective func-
tion: homogeneous datasets achieve low recon-
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struction error with tightly clustered latent re-
gions. Diverse datasets force the encoder to
map inputs across more distinct latent regions,
effectively stretching the representation across
multiple dimensions to capture distinct fac-
tors of variation. This naturally produces struc-
tured, interpretable latent spaces amenable to
meaningful interventions, though individual in-
stances may deviate from aggregate patterns.

6 Reflections & Contribu-
tions

Our group adopted a hybrid of “Central-
ized and hierarchical system” together with
the “Collegial system” throughout the project,
mostly implicitly. We did not have internal con-
flicts, although the task division could have
been done more clearly and fairly from the
start. Each member’s contribution was as fol-
lows:

e Alexander: Main conceptual develop-
ment of research trajectory and method-
ology, did the code necessary for the ex-
periment and wrote the methodology. Mi-
nor editing and language checks on intro-
duction, results, and conclusion. Wrote the
discussion, appendices on convolutional
VAE and the old methodology.

e Mika: Wrote introduction. Minor editing
and language checks on introduction, re-
sults, discussion, conclusion, and appen-
dices. Wrote section B.2 in appendices.

e Tim: Wrote theoretical framework (both
in main paper and appendix). Minor edit-
ing and language checks on introduction,
results, discussion, conclusion, and appen-
dices.

e Aalam: Wrote theoretical framework
(both in main paper and appendix). Minor
editing and language checks on introduc-
tion, results, discussion, conclusion, and
appendices. Performed the statistical tests
on the final results to obtain the Spear-
man’s coefficients. Made figures and tables

for results section. Wrote Results and Con-
clusion.

e Adrian: Minor editing and language
checks on introduction, results, discus-
sion, conclusion, and appendices. Wrote
abstract, hyperparameters section in ap-
pendices, initial drafts of limitations and
future work sections. Made heavier up-
dates on methodology sections 2.1 and 2.2
to reflect the new code implementation
with training subsets and SSIM diversity.
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A Hyperparameters

A.1 Model Architecture & Train-

ing

Table A.1: Model and training hyperparameters.

Parameter Value
Model type VAE
Latent dimension 20

Encoder layers
Decoder layers
Activation function
Output activation
Optimizer
Learning rate
Batch size
Epochs

Loss function
Learning rate
scheduler

Training seed

784 — 400 — 20
20 — 400 — 784
ReLU

Sigmoid

Adam

1x 1073

256

40

BCE + KL diver-
gence (f=1)
Disabled

2810 (fixed)

A.2 Experimental Configuration

Table A.2: Experimental setup hyperparameters.

Parameter Value

Base datasets MNIST, FashionM-
NIST

Input transform ToTensor()

Subset
tions
Runs per configura-
tion

Dataset seeds
Training seed

configura-

Diversity samples
Intervention sam-
ples

Latent significance
threshold

1, 5, and 10 classes X
1000 samples/class
10 (independent seeds)

2810 — 2819 (varied)
2810 (fixed)

200

500

0.075

B Previous Methodology
Approach

B.1 Experimental Design
Overview

To systematically investigate the relationship
between dataset characteristics and the man-
ifestation of uncertainty in VAE reconstruc-
tions, we designed a multi-dataset experimental
framework. Our approach consists of three key
components:

1. Quantitative measurement of dataset di-
versity

2. Training of VAE models across multiple
datasets

3. Intervention-based analysis of latent un-
certainty

By examining nine distinct grayscale image
datasets, we aim to understand whether and
how dataset properties influence the sources of
reconstruction blur in VAEs.

B.2 Dataset Selection and Diver-
sity Measurement

We selected nine grayscale image datasets to
ensure sufficient variability in visual complexity
and content diversity:

e MINIST [41]: A cornerstone of machine
learning, the MNIST (Modified National
Institute of Standards and Technology)
dataset is a collection of 70,000 hand-
written digits, from 0 to 9. It is di-
vided into 60,000 images for training
and 10,000 for testing. Each image is a
28x28 pixel grayscale representation. This
dataset was created by “re-mixing” sam-
ples from NIST’s original datasets to bet-
ter suit machine learning experiments. It
has become a fundamental benchmark for
image processing and classification algo-
rithms.
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e FashionMNIST [42]: Created as a more
challenging drop-in replacement for the
original MNIST dataset, FashionMNIST
features 70,000 grayscale images of fashion
products from 10 different categories. The
dataset, provided by Zalando, is also split
into 60,000 training and 10,000 testing im-
ages, each at a 28x28 pixel resolution. It
serves as a benchmark for modern machine
learning algorithms, offering a greater chal-
lenge than the classic handwritten digits.

KMNIST [45]: This dataset features
handwritten Japanese cursive characters
known as Kuzushiji. It contains a total of
70,000 grayscale images, with 60,000 allo-
cated for training and 10,000 for testing.
Each image is 28x28 pixels and belongs to
one of 10 classes.

EMNIST-Balanced [46]: An extension
of the original MNIST dataset, EMNIST-
Balanced provides a more challenging and
balanced set of handwritten characters. It
includes 131,600 grayscale images across
47 balanced classes, with 112,800 for train-
ing and 18,800 for testing. The images are
28x28 pixels.

EMNIST-Letters [46]: This dataset is
a subset of the broader EMNIST col-
lection, focusing specifically on handwrit-
ten English letters. It consists of 145,600
grayscale images distributed across 26 bal-
anced classes, with 88,800 in the training
set and a test set that varies in reported
numbers but is around 14,800. The image
resolution is 28x28 pixels.

EMNIST-Digits [46]: As a digit-centric
part of the EMNIST datasets, this collec-
tion contains 280,000 grayscale handwrit-
ten digits. The dataset is balanced across
10 classes, with 240,000 images for training
and 40,000 for testing, each being 28x28
pixels.

QMNIST [47]: This dataset is an ex-
panded version of the classic MNIST. It in-
cludes the original 60,000 training images
and restores the full 60,000 test images, a

portion of which had been previously unre-
leased. All images are 28x28 pixel grayscale
representations of handwritten digits.

e Omniglot-Background [48]: The Om-
niglot dataset is designed for developing
more human-like learning algorithms and
is split into background and evaluation
sets. The background set contains 964 dif-
ferent handwritten characters from 30 dis-
tinct alphabets. Each character has 20
examples, all presented as 105x105 pixel
black and white images.

e Omniglot-Evaluation[48]: Serving as
the evaluation counterpart to the back-
ground set, this dataset includes 659 hand-
written characters from 20 different al-
phabets, intended for testing the one-shot
learning capabilities of models. Similar to
the background set, there are 20 images
for each character, each with a resolution
of 105x105 pixels.

To quantify the intrinsic diversity of each
dataset, we employ a feature-based diversity
metric using pre-trained deep representations.
Specifically, we extract embeddings from a
ResNet-18 model pre-trained on ImageNet, re-
moving the final classification layer to ob-
tain 512-dimensional feature vectors. For each
dataset, we:

1. Sample N = 1000 images uniformly at ran-
dom from the training set

2. Convert grayscale images to RGB by repli-
cating across three channels

3. Resize images to 224 x 224 pixels and apply
ImageNet normalization:

=~ T — HUImageNet
r ="t
OlImageNet
where fiimagenes = [0.485,0.456, 0.406] and
OlmageNet — [0229, 02247 0225]

4. Extract the penultimate layer activations
as embedding vectors e; € R5!2
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5. Compute pairwise cosine distances be-
tween all embedding pairs:

e - e.
d(ej,ej) =1— 7
v lleslllle;l
6. Calculate the dataset diversity score as the
mean pairwise distance:

N-1

N
. Z d(ei,ej)

Di . 2

wersity = m > 2

1=1 j=1i+1

This metric provides a continuous measure
of visual heterogeneity: higher values indicate
greater diversity in the semantic content and
visual features across samples, while lower val-
ues suggest more homogeneous datasets with
limited variation.

C Convolutional Varia-
tional Autoencoder

To investigate whether the observed patterns
found with the VAE described in Section
2.3 generalize beyond fully-connected architec-
tures, we additionally train a convolutional
variational autoencoder (ConvVAE) on the
same datasets. Convolutional networks natu-
rally exploit the spatial structure of images and
have demonstrated superior performance on vi-
sion tasks. The ConvVAE model consists of an
encoder with convolutional layers, reparameter-
ization, and a decoder with transpose convolu-
tional layers. The encoder processes the input
image x € [0,1]*®*%® through three convolu-
tional blocks:

1. Block 1: Convolution with 32 filters of size
4 x 4, stride 2, and padding 1, followed
by batch normalization and ReLU acti-
vation, producing feature maps of shape
(32,14, 14).

2. Block 2: Convolution with 64 filters of size
4 x 4, stride 2, and padding 1, followed by
batch normalization and ReLU activation,
producing feature maps of shape (64,7,7).

3. Block 3: Convolution with 128 filters of
size 3 x 3, stride 1, and padding 1, followed
by batch normalization and ReLU acti-
vation, producing feature maps of shape

(128,7,7).

The resulting feature maps are flattened to
a 6272-dimensional vector (128 x 7 x 7 =
6272), which is then passed through two fully-
connected layers to produce the approximate
posterior parameters: mean g € R?° and log-
variance logo? € R?°. Latent samples are
drawn using the reparameterization trick [11],
identical to the fully-connected model.

The decoder begins by mapping the 20-
dimensional latent code through a fully-
connected layer to a 6272-dimensional vector,
which is reshaped to (128,7,7). This represen-
tation is then passed through three transpose
convolutional blocks:

1. Block 1: Transpose convolution with 64
filters of size 4 x 4, stride 2, and padding
1, followed by batch normalization and
ReLU activation, producing feature maps
of shape (64,14, 14).

2. Block 2: Transpose convolution with 32
filters of size 4 x 4, stride 2, and padding
1, followed by batch normalization and
ReLU activation, producing feature maps
of shape (32,28, 28).

3. Block 3: Convolution with 1 filter of size
3 x 3 and padding 1, followed by sigmoid
activation to produce the final reconstruc-
tion % € [0,1]28%28.

The ConvVAE is trained using the same ob-
jective as the fully-connected model, maximiz-
ing the evidence lower bound (ELBO): with bi-
nary cross-entropy reconstruction loss and the
same KL divergence regularization. We employ
the Adam optimizer [44] with learning rate
1073, batch size 256, and train for 10 epochs.
Batch normalization layers are used through-
out the encoder and decoder to stabilize train-
ing and improve convergence. All other training
procedures, including the intervention analy-
sis methodology (Section 2.4), remain identical
to enable direct comparison between architec-
tures. Unfortunately, as mentioned in the main
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paper, due to complexity and time constraints,
we were not able to properly run the experi-
ment with the ConvVAE and present them in
this report.

D Different
proach

Proof Ap-

As mentioned in the paper, there have also been
various attempts at building a proof that shows
the existence of active latent dimension for a
high-diversity data set. One of them will be
shown in the following, which is partially based
on the book by Pearl[49]:

Lemma 5 (Additive Decomposition under In-
dependence). If the latent dimensions are ap-
prozimately independent (which is an assump-
tion that goes against what is happening in the
actual VAE) then:

d
AEpse ~ Y  AE;

=1

(D.1)

Proof. By the chain rule for interventions in
Chapter 3.1 of Pearl (rewritten):

d

Emean = sample_z [Eint,{l,...,i—l}(') - Eint,{l,.

i=1
(D.2)
where Ein s(+) denotes fixing all dimensions in
S to their means.
Furthermore:

Eint,{l,...,i}(')_Eint,{l,...,i—l} () ~ Esamplc_Eint,i7

(D.3)
and
d
ABpee = Y AE;. (D.4)
i=1
Which also results in
d
Y Ri~1 (D.5)
i=1
O
Furthermore, we construct a different

Lemma:

Lemma 6 (Diversity Lower Bound). For a
dataset with diversity D and variance Var(D),
there exists a constant o > 0 (depending on
Lipschitz constant L) such that:

AEpse > o+ [D?* + Var(D)] (D.6)

Proof. By Taylor expansion of g around g and
the Lipschitz property (||g(z) —g(z")|| < L||z —

2[)):

AEl‘bause = Esample — Emnecan (D7)
=E[llglu+0ooe)—gwl|?*] (D.8)
> 2 B o] (D.9)

From the definition of the diversity in 2.2

Ello|?) > 8- [D*+ Var(D)]  (D.10)
for some constant 8 > 0.
Setting o = BL?/2 gives the result. O

We will now proceed with the main theorem
proof:

Theorem 7 (Dataset Diversity Implies Signifi-
cant Dimensions). Let d be the number of latent
dimensions and T = 1.5/d be the significance

threshold. If
o 2

L]
then there exists at least one dimension i €
{1,...,d} such that R; > T.

(D.11)

Proof. We proceed by contradiction. Assume
for all i € {1,...,d}:

Ri<T (D.12)
By Lemma 5:
d
Y Rix1 (D.13)
i=1
Since R; < 7 for all i:
d d
1= Ri<> 7=d-7 (D.14)
i=1 i=1
Also from R; = AFE;/AFy,se:
AEZ = Ri . AEbase S T- AEbase (D15)
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By Lemma 6, if D > ~:

AFpaee > - D? (D.16)
> -y (D.17)
T-d
=a-— D.1
T (D.15)
=7-d (D.19)

If all R; < 7 and Zgzl R; = 1, then the
contribution ratios are approximately uniform:
R; =~ 1/d < for all 3.

For AEy.se = 7-d, if contributions were truly
homogeneous:

T-d_

N (D.20)
If D>~ =/7d/a, then:
AE‘base >T- d (D21>

For the sum 2?21 AE; = AFEpase > 7-d t0
hold with all AE; < 7 AFpsse = 72 - d, we
would need:

d
Td = ZAEz < d'(T'AEbase) =d-r%d=1d*
i=1
(D.22)

If Var(R;) > 0, then not all R; can equal 1/d.
Since > R; = 1 and the mean is 1/d, at least
one R; must exceed the mean.

For 7 = 1.5 x (1/d), at least one R; > 1/d
implies at least one R; can exceed 7 when the
variance is sufficiently large, which occurs when
D > .

Therefore, our assumption that all R; < 7
must be false, and there exists at least one di-
mension ¢ such that R; > 7. O]
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